We analyze two consequences of the relationship between collinear factorization and kt-factorization. First, we show that the kt-factorization gives a fundamental justification for the choice of the hard scale Q 2 done in the collinear factorization. Second, we show that in the collinear factorization there is an uncertainty on this choice which will not be reduced by higher orders. This uncertainty is absent within the kt-factorization
Introduction
At very high energies, the k t -factorization [1, 2] or semihard approach [3, 4] is believed to be the correct formulation. It is more general than the collinear factorization, and it is well known that the latter is obtained in the k 2 t → 0 limit of the former [1, 2, 4] . If the unintegrated gluon density obeys the BFKL equation [5] , it resums terms proportional to α s ln 1 x , retaining the full Q 2 dependence and not just the leading ln Q 2 terms [6, 7] . One advantage of the k t -factorization is a better treatment of the kinematics, using unintegrated parton densities and off-shell matrix elements (meaning that the parton virtualities, which can be easily larger than 100 GeV 2 at the LHC, are not neglected). Moreover, the use of unintegrated parton densities implies that, even at leading order, outgoing partons are not back to back in the laboratory frame. To obtain this qualitative result with the collinear factorization, it is necessary to go to higher orders (but their computation is easier than in the k t -factorization). In ref. [7] , one can find a table comparing collinear and k t -factorization for different non-inclusive observables.
Here we want to discuss another advantage of the k t -factorization, namely, the disappearance of an uncertainty present in the collinear factorization. In the latter, the cross section depends on the center-of-mass energy (s), the hard scale Q 2 , and the factorization scale µ (and on the renormalization scale, which will be ignored in this study). In hadron-hadron collisions, the conventional choice for differential cross sections is Q 2 ∼ p 2 t with p t the transverse momentum of the outgoing partons in the center-of-mass frame. While current calculations take into account the well-known factorization scale uncertainty, nothing is said about the choice of the hard scale.
The two main results are given in Secs. 4 and 5. In Sec. 4, using the k t -factorization, we demonstrate that there is an uncertainty in the collinear factorization, coming from the choice of the hard scale. This choice being not necessary in the case of k t -factorization, the discussed uncertainty is absent in this formalism. Contrary to the factorization scale, the hard scale uncertainty is not reduced by higher-order calculations. In Sec. 5, we show that the choice Q 2 ∼ p
Collinear factorization and uncertainties
For hadron-hadron collisions, the collinear factorization formula is generally written
The functions f andσ are the parton densities and partonic cross section, respectively. The variable p t corresponds to the transverse momentum of outgoing partons in the center-of-mass frame. We use the generic notation Q 2 for the hard scale which is conventionally identified with p 2 t . The factorization scale µ appears due to the renormalization procedure. It comes inside logarithms of the type α s ln(Q 2 /µ 2 ) and has to be chosen close to Q 2 for an accurate finite order calculation. The dependence on the renormalization scale is not shown, and in this study we take α s constant. Finally, the longitudinal momentum fractions x i carried by the incoming partons are given by
with a and b referring to the two outgoing partons, y i the rapidities and s the Mandelstam variable for the hadronic system. The definition of parton densities is not unique [8] and for our discussion, it is simpler to shift higher-order corrections fromσ to these these functions, leading to the following factorization formula:
Taking into account the first higher-order corrections and following [6] we write
with C(x) a calculable function which is not enhanced by ln(Q 2 /µ 2 ). In the following, we will keep the choice and notation of equations (3) and (4).
In an all-order calculation, the dependence on the unphysical scale µ will disappear in both sides of equation 3. This is formalized by the DGLAP equation [9] (or [6] for a modern review) which can be written
However, in perturbation theory this equation is exact only at a given order, and the parton densities have, in fact, a dependence on µ due to higher-order corrections, justifying our notation. In the opposite, in the r.h.s. of equation (4), f (x, µ 2 ) is given to all orders (by a measurement) and depends only on two variables. It is interesting to look at the solution of the DGLAP equation in the N -moment space. Inserting (4) in (5) and taking the Mellin transform we obtain
where γ N is the anomalous dimension and, for simplicity, we consider α s constant. The solution is then given by
where we can see the dependence of the parton densities on Q 2 and µ 2 .
One remark on the hard scale Q 2 before the discussion on uncertainties is in order. The logarithm ln(Q 2 /µ 2 ) arises from an integral on the transverse momentum, k t , of the incoming parton (an example is given in the case of deep inelastic scattering (DIS) in figure 1 bound of such an integral.
In this paper, we want to discuss the usual choice
For definiteness, we consider the case of transverse momentum distribution of heavy quarks in proton-proton collisions at the LHC. This choice for the hard scale means that p 2 t is assumed to be the upper bound for the k 2 t integration. Since, for on-shell partons the kinematical constraint is k 2 t <ŝ/4 (withŝ = x 1 x 2 s), this is a good approximation in the region p 2 t ŝ/4, but it is not correct if Λ 2 QCD p 2 t ŝ/4. In fact, it is exactly in this region that the k t -factorization is expected to give important corrections.
In the following, we will argue that the k t -factorization provides a fundamental explanation on why choosing the hard scale to be p 3 k t -factorization
The k t -factorization (sometimes called high energy factorization or semihard approach) has been developed in parallel in refs. [1, 2, 3, 4] . In order to include all theoretical and phenomenological studies, we define the k t -factorization as a convolution of unintegrated gluon densities with off-shell cross sections. For hadron-hadron collisions, it can be written
The variables k 1t , k 2t , x 1 and x 2 refer to the two spacelike partons entering in the 2 → 2 perturbative QCD process. They correspond to the transverse momentum and the hadron longitudinal momentum fraction. The variable p t is for the transverse momentum of the outgoing parton. The precise definition for the upper bound k 2 max will be given in another publication; here it is sufficient to know that k
In this paper, the only restriction on the unintegrated gluon density F (x, k 2 t ; µ 2 ) is that the second scale µ 2 has to be interpreted as the factorization scale. In this case, it is related to the usual gluon density by
where we follow the notation used in refs. [10, 11] 3 . For completeness we mention that for practical purposes, a specific treatment has to be done in the infrared. Some examples can be found in refs. [12, 13] . The unintegrated gluon density can be obtained by inverting relation (11):
The corresponding equation in the N -moment space is
where equation (7) has been used. Equation (9) is for instance valid for KMR [14] and BFKL unintegrated gluon densities. In the latter case, an expression for F N (k 2 t ; µ 2 ) can be found in refs. [10, 11] . The factor αs 2π γ N is replaced by γ N (α s ) which has a perturbative expansion in α s /N , first obtained by Balitsky, Fadin, Kuraev and Lipatov [5] .
The cross sectionσ is computed using off-shell matrix elements (see [7] for more details). We will discuss the case where outgoing partons are on-shell and the two incoming partons are spacelike, with off-shellness k . We will see that taking into account this degree of freedom (which requires additional integrations on − → k t ) is the reason behind the disappearance of the uncertainty on Q 2 , presented in the previous section.
We will close this section by two remarks. The most general expression for
2 ) derived in ref. [15] in the N → 0 limit and minimal subtraction scheme is
with R(α s ) having the following perturbative expansion:
with α s = C A α s /π and ζ(n) the Riemann zeta function. The expression given for F N (k 2 t ; µ 2 ) in equation (13) corresponds to the lowest order (R = 1).
The second remark is that one can encounter the following definition:
By writing the l.h.s. f (x, µ 2 ; µ 2 ), we can see that this is nothing else than our definition (11) with the choice Q 2 = µ 2 .
4 Relationship between collinear and k t -factorization: discussion on the hard scale uncertainty
In section 2, we discussed the fact that in the collinear factorization a choice for Q 2 has to be done and that it should be accompanied by an uncertainty. The reason why this uncertainty is absent in the k t -factorization is because the transverse momentum dependence of the incoming partons is explicitly taken into account and integrated up to the kinematical upper bound k 2 max , c.f equation (9). It is not necessary to choose the physical scale inside the unintegrated parton densities since all possibilities are taken into account, "weighted" by the k t -dependent off-shell cross section.
To understand why, in equation (8), the scale inside the parton density is approximatively p 2 t and why the collinear factorization still works 4 at p 2 t s, it is interesting to see how the collinear factorization can be found as a limit of the k t -factorization. Equation (9) can be written
with I cf the collinear factorization contribution and I ct a correction term. An appropriate hard scale fulfills the relation I ct (Q 2 ) I cf (Q 2 ), and its choice is not unique. This is the first main result of this paper. The uncertainty on this choice is not taken into account in current calculations and could be numerically large compared to the factorization scale uncertainty, the latter being reduced by higher-order calculations. The l.h.s of equation (22) does not depend on Q 2 . As explained in the beginning of this section, the hard scale uncertainty is absent in the k t -factorization formalism.
Choosing the hard scale
We will now explain qualitatively why Q 2 = p 2 t is an acceptable choice, making the collinear factorization formula accurate (in the sense that equation (21) is true), even at small transverse momentum. To understand this, we will consider separately the cases of high p t and low p t (∼ 1 GeV).
The reason why the integral I ct can be small even if the phase space for integration is large is due to the fact that in the region 1 p scale, which can be Q 2 = p 2 t but also Q 2 = 4p
t . In any case, all this kinematical region is suppressed by the unintegrated parton densities. The small sensitivity of the result to this scale was expected from the ln(Q 2 /µ 2 ) behavior of partons densities, see equation (4) .
